Excercises

1. .[ GnX) dx exists for 0 <o < 2.
0

X

Hint — Integration by parts and use comparison test.

1
2. Show that IX" sin(%) dx exists for p > 2.
0
. 1
Hint — put x =— apply example 1.
y

3. Show that jx"’ dx does not exist for any real o >—1.
1

b
Hint : Use lim | x* dx

b—w
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4. Show that J.Six%dx exists forall o < 2.
0
1
Hint : Use 0 <sinx < xon [0,%]and compare with le’“ dx which exists for 1-a > -1
0

1 1
5. Find the value of the Improper Integral I(l—tz )7 dt
0

Hint: For O<a<1, J'(l—tz)_E dt = J' dx=sina, putting t =sinx . Now let a —>1—
0 0

° dx
6. Show that for 4b > a?, I z

_Oox2+ax+b_\/b 22

Hint: Let 4b—a°=t?> ,t>0



J X% +ax+b y? +t? bz_a:
4
L 1 . .
7. Show that the series Z# is convergent with sum 1.
= n°(n”+1)

. 1 1 1 1 = 1l & 1
Hmt:—Zz__ &Z 2(n2+1)zz _z_z

nz(n +1) n> n?+1 n — n? 4 n?+l

8. Show that the series »_

is divergent when « > 0.
1 (Jn+a ++/n +1+a)

Hint : L =\/n+1—\/ﬁ,then

Jn+a+Jn+l+a

N 1

=Jm+1-1—0 as m— oo
~“Jn+a +Vn+l+a

9. Show that the series l+i+i+i+i+i+ ..... is convergent.

10 15 30 45 90

1 . .
1 —a,, if niseven
Hint: a, :gthen a,
gan_l if nis odd

a 2 =
i < 3 therefore > a, converges
a 1

n

(1Y L :
10. Show that Z(—j r" is convergent for any real « if 0 <r <1.

n=1

a n+1

n

a
. a n
Hint : ”—”:(—) r-rasn-—-o

> 2
11. Show that the series Z—a is convergent for o >1, divergent for o <1.
z (nlogn?)



Hint : Consider f(x) = —on [2,00] put y =log x*, then

_ 1
x(In x?)

b Inb?
I ox _1 I dy a >1 converges

 x(log ) 2.,y
. 1 1 1 1 )
12. Show that the series 1 -1+ ———+—-——+..... IS not convergent.
2 22 3 3
. . L1 -1
Hint : sum of 2m terms in the form » =" —
t o Tn

13. Show that the function

.1 1 1
x5|n—2——cos—2,whenx¢0

f(x)= X X X
O,whenx=0

is not R-integrable in any interval containing the origin.

Hint: The function f (X) is unbounded in a small neighbourhood of X =0
14. Show that the function  (X) =Owhen X #0& f (0) =1 is R-integrable.

Hint: f (X) is continuous everywhere except X =0 and the value of integral is 0.

X

dt
15. Define log x = "-T prove that
1

. logx .
|Imi:|lmxa|0gX=0,wherea>0.

X—>0 X x—0

1 1
Hint: Since —<—— when t>0& a>0
t t°

cdt G odt x*—-1 x*®
" —<ITa or logx < <—
bt 9t a a
logx x*“
’.i<——)0as X — oo

X a



for a can be chosen to be less than ¢ .

1
. put t=—
u

16. if T (X),#(X) be both R-integrable and such that ‘ f (X)‘ < ‘¢(X)‘f0r every value of X, then prove
that

j f (x)dx| < j |$(x)|dx

17. Show that if Q(X) decreases to zero as X — o0, then the improper Integrals
IQ(X)Sin X-dX & ~[Q(X) COS X - dX are convergent.
1 1

X when is rational

18. Let f(x)= .. .
1-x when is irrational

Show that f(x) assumes every value between 0 and 1 once and only once as x increases from 0
to 1, but is discontinuous for every value of x except x=7.
19. Find the nature of discontinuity of the following functions at x = 0.

(i) f(x)=[-x*]where [x]denotes the greatest integer not greater than x

. M.x=0
(i) f(X):{O =0

Hint: (i) f(+0)=-1= f(-0), f(0)=0
Therefore f(x) has removable discontinuity at x =0.
(i) f(+0)=1, f(-0)=-1,f(0)=0
Therefore f (x) has discontinuity of the 1 kind , at x = 0.

20. Examine the function defined by

f(x)=x cos(exlz) ,X=0, f(0)=0with regard to (i) continuity (ii) differentiability



and (iii) continuity of the derivatives, in the interval (-1,1).
Hint : (i) continous as IXiLrg f (x) =0= f(0) and also at all other points .
(i) f'(x) isexistat x=0.
f'(x) = 2xcos(e%)+ e sin(e%), X#0
As x — 0+, f'(x) does oscillates
Xx—>0-, f'(xX)>0 , S0

f (x) is differentiable everywhere in the interval (-1,1) but has a discontinuity of the 2" kind on
the right at x =0.

21. I1f f"(x)>0for all values of x, prove that

f(xl+x2]< f(x)+ f(x,)
2 2

Hint : Use Taylor’s expansion upto order 2 by choosing for %& h for X%



